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—h
The discrete divergence 8" is induced by the FVM filter (-)
= exact discrete conservation laws for @t"
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™) = w — atad, S(u) = (Vu+ Vul)/2

Structural models

2
mA(@?) = %(VEA)(VQA)T, (Taylor series truncation)
mA @) = t%M@»), (scale-similarity)

Functional models

mA (@) = —2025(@), 20, S@*) : t8w)

ideal = 578 : S(ad)’ (eddy-viscosity)
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o(u) = uu

Discrete flux

a(u)(x) = (energy-conserving central)

2

u(x—g) , ifu(x—g)>0,
h _ 2 N .
o"(u)(x) =1, <x i ﬁ) . ifu (x n ﬁ) <o, (dissipative upwind)
2 2

0, otherwise,
\
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V-u=0, u+V-(cw)+pd)=f, ow)=uu—v(Vu+ Vul)

Pressure-free formulation

ou+V-mo(u)=nf

Time integration

u*=u"+ At(f — V- o))

u™t = ru*
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B New approach:
Filter and discretize,
then model.
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Apply LES/FVM filters

— A
8,ur" + dlo(u) =0

Introduce numerical flux

3, uth + dhah(@th) = —ahrAh(u)

Unresolved discrete flux

24 = 5) — oh(ath)
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class1c ﬂux d1v

() = o(u) —o(ath)

") = G(u“‘)— h(u“’)

") = a(u) - c(u)

class1c

ﬂux

d1v
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1.0 . . - e
7205
Ah _ ©
T (u) - Tclassm(u) + Tﬂux(u) + lev (u) o .II
N =900
1.0 e
..- 019 (IS8 II
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1.0 0“
3" (u) = a(u) - a(u) )
%0,5 II
lI
A/h

ﬂux

— _ Ah g 05 oda [
classw(u) O'(Ll) a(u ) s . I I I
" (u) = U(uA ") — h(uA ")
8 16 32



https://agdestein.github.io/

Discretization-aware closure

L
i
A
[ :

Fitting the Smagorinsky constant for Burgers’ equation
Stress in LES

S. D. Agdestein



https://agdestein.github.io/

Discretization-aware closure

Fitting the Smagorinsky constant for Burgers’ equation

Stress in LES

S. D. Agdestein

m(u,0) = —0s(u), mh(u,0) = —06s"(u),

s(u) = |0yu|dcu, s"(w) = |af;u| au,



https://agdestein.github.io/

Discretization-aware closure

Fitting the Smagorinsky constant for Burgers’ equation

Stress in LES

S. D. Agdestein

m(u,0) = —0s(u), mh(u,0) = —06s"(u),

s(u) = |0yu|dcu, s"(w) = |af;u| au,

R C)/1C))
classic — S(ﬂ)S(ﬂ) s
o sty (w)
informed — T Sh(ﬁ)Sh(L_t).



https://agdestein.github.io/

Discretization-aware closure

Fitting the Smagorinsky constant for Burgers’ equation

Stress in LES

S. D. Agdestein

m(u,0) = —0s(u), mh(u,0) = —06s"(u),

s(u) = |0yu|dcu, s"(w) = |af;u| au,

R C)/1C))
classic — S(ﬂ)S(ﬂ) s
o sty (w)
informed — T Sh(ﬁ)Sh(L_t).

Comparison:
h h
m" (-, Bigssic) Vs M (-, 6informed)



https://agdestein.github.io/

Stress in LES

S. D. Agdestein
m(u,0) = —0s(u),

s(u) = |0 u|dxu,

6classic

Comparison:

einformed =

h h
m" (-, Bigssic) Vs M (-, 6informed)

Discretization-aware closure

Fitting the Smagorinsky constant for Burgers’ equation

. Classic Discretization-informed (ours)
A=0h
mh(u, 9) = —Gsh(u), 0.423 0.404
5 0.4 0.364
Sh(u) = |af§u| aféu, gmi — sl 0.233
é 0.2
s@)r(u)
s(@)s(it)’ o : :
hr=\_h A=2h
_S (U)T (U) 03] oy 0302 0.291 e
—_— . =0 1265 .
Sh (a)sh (a) g 22 0.234
g : I I
g 0.1
&
0.0
N = 300 N = 900 N = 2700
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A=0h
0.157
0.15
<]
& 0.104 009 0,094
o
2
S
° 0.053
Discretization-aware closure < 0.05 509
. 0.019
0.00
T T T
A=2h
0.050
s
' 0.032
2 0.026
© 0.025
< 0.014
. 0.01
0.000

T T T
N =300 N =900 N = 2700
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Relative Error

Relative Error

- Classic

Discretization-informed (ours)

Discretization-aware closure

A=0h
0.157
0.15
0.098
0.10-] 0.094
0.053
0.057 0.034
. 0019
0.00]
- -
A=2h
0.054
0.050 1
0.032
0.026
0025
.014
i 0.01
0.000 1
N =300 N =900 N = 2700

Errors and spectra

—DNS Smagorinsky (classic)
— Filtered DNS  — Smagorinsky (discretization-informed, ours)
A=0h A=2h
1072 N =300 N =300
1074
1064
0% \
10709
102+ N =900 N =900
107
106
1074 \\
10704 \ I
N =2700
10° 10' 10% 10° 10¢ 10° 10" 102 10° 10*

Wavenumber

Wavenumber
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. N 0.263
S. D. Agdestein LES equatlon

0.212

0.2

Relative error

0.1
0.0642

6t1,'th = _Vh . 77.'h [O'h(ah) + Th(u)] . 0.0286

5.69e-15 [

0.0
T T T T T
DNS-aided LES A B Cc D E

Five stress candidates RST expression

>T
>T
>
>T
>T

: No SFS

: Classical SFS

: Classical SFS with num. flux
: Correct SFS

: Correct SFS (symmetrized)

SAQOsSTsrS

ms g
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LES equation

DNS-aided LES

Stress expressions for incompressible Navier-Stokes

Relative error

8,uh = =V, - 7" [ch@") + th(w)]

Five stress candidates

v
~

: No SFS
: Classical SFS

v
U;‘S‘ oS

v v
NN
S aQs

: Correct SFS

v
v\‘
ms g

: Classical SFS with num. flux

: Correct SFS (symmetrized)

0.263
0.212
0.2
0.1
0.0642
0.0286
5.69e-15 [
0.0 T T T T T
A B C D E
RST expression
—A B —C D E ---Filtered DNS
107"
3102
2
fii
107
10

1000 1005 1010 1015
Wavenumber
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The discretization is a fundamental part of LES.
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S.D. Agdestein The discretization is a fundamental part of LES.

For incompressible Navier-Stokes, the LES-FVM stress tensor is non-local
and non-symmetric.

Infinitesimal structural closure models have the wrong structure.
Infinitesimal functional closure models have the wrong dissipation profile.

Implicit and explicit LES unified into one coherent framework.
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