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Lifecycle of turbulence

The Burgers’ equation (1D)

𝜕𝑡𝑢 = 𝜈𝜕𝑥𝑥𝑢⏟⏟⏟
Diffusion

−𝜕𝑥 (𝑢2∕2)⏟⎴⏟⎴⏟
Convection

Effect on a Fourier mode

𝑢 = ei𝑘𝑥 𝜕𝑥𝑥𝑢 = −𝑘2ei𝑘𝑥 𝜕𝑥 (𝑢2∕2) = i𝑘ei(2𝑘)𝑥
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Spectral distribution of energy
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Spectral distribution of energy

En
er
gy
|𝑢|2 ∕2

Wavenumber 𝑘
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LES and FVM: the toolbox

Filtering

(⋅)∆, (⋅)ℎ
Divergence theorem

𝜕ℎ𝑥 = (⋅)ℎ◦ 𝜕𝑥

Closure modeling

𝜏∆(𝑢) ≈ 𝑚∆(𝑢̄∆)
Flux recontruction

𝜎(𝑢) ≈ 𝜎ℎ(𝑢̄ℎ)

Pressure projection

div ◦𝜋 = 0, 𝜋𝜋 = 𝜋
Time integration

𝑢∗ = 𝑢𝑛 + ∆𝑡 …𝑢𝑛+1 = 𝜋𝑢∗
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Filtering

LES filter

𝑢̄∆(𝑥) = ∫Ω 𝐺∆(𝑥 − 𝑦)𝑢(𝑦) d𝑦
Turbulence𝑢(𝑥)

𝑥
LES target

Filter(⋅)∆
𝑢̄∆(𝑥)

𝑥
FVM filter

𝑢̄ℎ(𝑥) = 1ℎ ∫ 𝑥+ℎ∕2
𝑥−ℎ∕2 𝑢(𝑦) d𝑦

Turbulence𝑢(𝑥)
𝑥

FVM target

Filter(⋅)ℎ
𝑢̄ℎ𝑖

𝑥𝑖
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Divergence theorem
The mechanism powering the FVM

𝜕ℎ𝑥𝑢(𝑥) = 𝑢 (𝑥 + ℎ2 ) − 𝑢 (𝑥 − ℎ2 )ℎ = 1ℎ ∫ 𝑥+ℎ∕2
𝑥−ℎ∕2 𝜕𝑦𝑢(𝑦) d𝑦 = 𝜕𝑥𝑢ℎ(𝑥)

The discrete divergence 𝜕ℎ𝑥 is induced by the FVM filter (⋅)ℎ⟹ exact discrete conservation laws for 𝑢̄ℎ
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Closure modeling
Models rely on 𝜏∆ being the unresolved stress

𝜏∆(𝑢) = 𝑢𝑢∆ − 𝑢̄∆𝑢̄∆, 𝑆(𝑢) = (∇𝑢 + ∇𝑢𝑇)∕2
Structural models

𝑚∆(𝑢̄∆) = ∆212 (∇𝑢̄∆)(∇𝑢̄∆)𝑇, (Taylor series truncation)𝑚∆(𝑢̄∆) = 𝜏(2∆)(𝑢̄∆), (scale-similarity)

Functional models

𝑚∆(𝑢̄∆) = −2𝜈∆𝑆(𝑢̄∆), 2𝜈∆ideal = −𝑆(𝑢̄∆) ∶ 𝜏∆(𝑢)𝑆(𝑢̄∆) ∶ 𝑆(𝑢̄∆) , (eddy-viscosity)
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Flux recontruction

Infinitesimal flux

𝜎(𝑢) = 𝑢𝑢
Discrete flux

𝜎ℎ(𝑢)(𝑥) = ⎡⎢⎢⎣
𝑢 (𝑥 + ℎ2 ) + 𝑢 (𝑥 − ℎ2 )2 ⎤⎥⎥⎦

2
(energy-conserving central)

𝜎ℎ(𝑢)(𝑥) = ⎧⎪⎨⎪⎩
𝑢 (𝑥 − ℎ2 )2 , if 𝑢 (𝑥 − ℎ2 ) > 0,𝑢 (𝑥 + ℎ2 )2 , if 𝑢 (𝑥 + ℎ2 ) < 0,0, otherwise, (dissipative upwind)
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Projection and time integration
Incompressible Navier-Stokes as a conservation law

With pressure and constraint

∇ ⋅ 𝑢 = 0, 𝜕𝑡𝑢 + ∇ ⋅ (𝜎(𝑢) + 𝑝𝛿) = 𝑓, 𝜎(𝑢) = 𝑢𝑢 − 𝜈 (∇𝑢 + ∇𝑢𝑇)
Pressure-free formulation

𝜕𝑡𝑢 + ∇ ⋅ 𝜋𝜎(𝑢) = 𝜋𝑓
Time integration

𝑢∗ = 𝑢𝑛 + ∆𝑡(𝑓 − ∇ ⋅ 𝜎(𝑢𝑛))𝑢𝑛+1 = 𝜋𝑢∗
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Discretization-aware LES
Correcting for an inconsistency

LES
(a)

(b)

Fi
lte
rin
g

Modeling

Discretization

a Classical approach:
Filter and model,
then discretize.

b New approach:
Filter and discretize,
then model.
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Burgers’ equation

𝜕𝑡𝑢 + 𝜕𝑥𝜎(𝑢) = 0, 𝜎(𝑢) = 𝑢𝑢∕2 − 𝜈𝜕𝑥𝑢

Apply LES/FVM filters

𝜕𝑡𝑢̄∆,ℎ + 𝜕ℎ𝑥𝜎(𝑢)∆ = 0
Introduce numerical flux

𝜕𝑡𝑢̄∆,ℎ + 𝜕ℎ𝑥𝜎ℎ(𝑢̄∆,ℎ) = −𝜕ℎ𝑥𝜏∆,ℎ(𝑢)
Unresolved discrete flux

𝜏∆,ℎ(𝑢) = 𝜎(𝑢)∆ − 𝜎ℎ(𝑢̄∆,ℎ)
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Incompressible Navier-Stokes

Projection form

𝜕𝑡𝑢 = −∇ ⋅ 𝜋𝜎(𝑢), 𝜎(𝑢) = 𝑢𝑢 − 𝜈 (∇𝑢 + ∇𝑢𝑇)
Exact LES equations

Infinitesimal LES: 𝜕𝑡𝑢̄ = −∇ ⋅ 𝜋𝜎(𝑢) = −∇ ⋅ 𝜋𝜎(𝑢)
Discrete LES: 𝜕𝑡𝑢̄ℎ = −∇ ⋅ 𝜋𝜎(𝑢)ℎ = −∇ℎ ⋅ 𝜋𝜎(𝑢)ℎ,∗

𝜏11 𝜏12 𝜏13𝜏12 𝜏22 𝜏23𝜏13 𝜏23 𝜏33
𝜏11 𝜏12 𝜏13𝜏21 𝜏22 𝜏23𝜏31 𝜏32 𝜏33
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Discretization contribution
Howmuch of the sub-filter flux comes from the discretization?

𝜏∆,ℎ(𝑢) = 𝜏∆,ℎclassic(𝑢) + 𝜏∆,ℎflux(𝑢) + 𝜏∆,ℎdiv (𝑢)
𝜏∆,ℎclassic(𝑢) ≔ 𝜎(𝑢)∆,ℎ − 𝜎(𝑢̄∆,ℎ)𝜏∆,ℎflux(𝑢) ≔ 𝜎(𝑢̄∆,ℎ) − 𝜎ℎ(𝑢̄∆,ℎ)𝜏∆,ℎdiv (𝑢) ≔ 𝜎(𝑢)∆ − 𝜎(𝑢)∆,ℎ
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Discretization-aware closure
Fitting the Smagorinsky constant for Burgers’ equation

𝑚(𝑢, 𝜃) = −𝜃𝑠(𝑢), 𝑚ℎ(𝑢, 𝜃) = −𝜃𝑠ℎ(𝑢),𝑠(𝑢) = |||𝜕𝑥𝑢||| 𝜕𝑥𝑢, 𝑠ℎ(𝑢) = ||||𝜕ℎ𝑥𝑢|||| 𝜕ℎ𝑥𝑢,
𝜃classic = −𝑠(𝑢̄)𝜏(𝑢)𝑠(𝑢̄)𝑠(𝑢̄) ,𝜃informed = −𝑠ℎ(𝑢̄)𝜏ℎ(𝑢)𝑠ℎ(𝑢̄)𝑠ℎ(𝑢̄) .

Comparison:𝑚ℎ(⋅, 𝜃classic) vs𝑚ℎ(⋅, 𝜃informed)
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Discretization-aware closure
Errors and spectra
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DNS-aided LES
Stress expressions for incompressible Navier-Stokes

LES equation

𝜕𝑡𝑢̄ℎ = −∇ℎ ⋅ 𝜋ℎ [𝜎ℎ(𝑢̄ℎ) + 𝜏ℎ(𝑢)]
Five stress candidates

� 𝜏ℎ𝐴: No SFS
� 𝜏ℎ𝐵: Classical SFS
� 𝜏ℎ𝐶 : Classical SFS with num. flux
� 𝜏ℎ𝐷: Correct SFS
� 𝜏ℎ𝐸 : Correct SFS (symmetrized)
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Take-away

The discretization is a fundamental part of LES.

For incompressible Navier-Stokes, the LES-FVM stress tensor is non-local
and non-symmetric.

Infinitesimal structural closure models have the wrong structure.

Infinitesimal functional closure models have the wrong dissipation profile.

Implicit and explicit LES unified into one coherent framework.
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