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Simulation of turbulence
The incompressible Navier-Stokes equations

Conservation of mass

∇ ⋅ 𝑢 = 0
Conservation of momentum

𝜕𝑡𝑢 + ∇ ⋅ (𝑢𝑢 − 𝜈∇𝑢 + 𝑝𝛿) = 𝑓
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Issues with current closure models

� Closure model𝑀𝜃 depends on parameters 𝜃
� Learn 𝜃 from high-fidelity data𝒟:min𝜃 𝔼𝑢∼𝒟 ‖𝑀𝜃(𝑢̄) − 𝐶(𝑢)‖2
� Models that fit target data well can still be
unstable when deployed in LES

There are other commutators than 𝐶(𝑢).
They cause the instabilities.
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PhD research

Identify all commutators

� from the filter (⋅)
� from the discretization ∇ℎ
� from symmetry groups in the model𝑀𝜃

Address all commutators

� Eliminate them by choosing (⋅), ∇ℎ, and𝑀𝜃 in a smart way
� Account for the remaining ones by tuning the parameters 𝜃
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New filters, new stresses

Discrete filters

� Existing discrete filters induce discrete
commutator errors.

� New discrete filters restore commutation (discrete
integration-by-parts properties).

Stress tensors in LES

� Continuous LES stress expressions are symmetric
and local in 𝑢.

� New discrete LES stress expressions are
non-symmetric and non-local in 𝑢.
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Symmetries of the Navier-Stokes equations

Galilean Rotational Reflectional Scaling

𝐺 is a symmetry-group of the Navier-Stokes equations 𝐿 if and only if𝐿(𝑔𝑢) = 𝑔𝐿(𝑢)
for all velocities 𝑢 and group elements 𝑔 ∈ 𝐺.
How to choose𝑀𝜃 such that𝑀𝜃(𝑔𝑢̄) = 𝑔𝑀𝜃(𝑢̄) for all 𝜃, 𝑢̄, and 𝑔 ∈ 𝐺?
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𝑀(𝑢̄) ≔ ∇ ⋅ ∆2𝑎2∑7𝑖=1 𝛼𝑖𝑇𝑖
Assemble closure

Scaling
invariance 𝛼1𝛼2𝛼3𝛼4𝛼5𝛼6𝛼7 Neural network

𝜆5 ≔ tr 𝑆2𝑅2

𝜆1 ≔ tr 𝑆2𝜆2 ≔ tr 𝑅2𝜆3 ≔ tr 𝑆3𝜆4 ≔ tr 𝑆𝑅2

Roto-reflection
invariance𝑇1 ≔ 𝑆𝑇2 ≔ 𝑆2𝑇3 ≔ 𝑅2𝑇4 ≔ 𝑆𝑅 − 𝑅𝑆𝑇5 ≔ 𝑅𝑆𝑅𝑇6 ≔ 𝑆2𝑅 − 𝑅𝑆2𝑇7 ≔ 𝑅𝑆𝑅2 − 𝑅2𝑆𝑅

𝑆 ≔ (𝐴 + 𝐴𝑇)∕2𝑅 ≔ (𝐴 − 𝐴𝑇)∕2Decompose𝑎 ≔ ‖∇𝑢̄‖𝐹Scaling
invariance

𝐴 ≔ ∇𝑢̄∕‖∇𝑢̄‖𝐹∇𝑢̄
Galilean
invariance

𝑢̄
∆
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Effect of symmetry-preserving models

Rotate

Rotate

Solve Solve
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Take-away

The main problem in LES is the presence of commutator errors.

We identify new commutators in LES arising from the filter, discretization,
and symmetry-groups.

We cancel out commutators through new filters, discrete formulations, and
model architectures.

Exact expressions for the remaining commutators allow for producing unbi-
ased training data for data-driven closure models.

This thesis offers a mathematically principled foundation for reducing the
computational cost of turbulence simulations.
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Lifecycle of turbulence

The Burgers’ equation (1D)

𝜕𝑡𝑢 = 𝜈𝜕𝑥𝑥𝑢⏟⏟⏟
Diffusion

−𝜕𝑥 (𝑢2∕2)⏟⎴⏟⎴⏟
Convection

Effect on a Fourier mode

𝑢 = ei𝑘𝑥 𝜕𝑥𝑥𝑢 = −𝑘2ei𝑘𝑥 𝜕𝑥 (𝑢2∕2) = i𝑘ei(2𝑘)𝑥
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Issues with state of the art

Closure model target: 𝐶(𝑢) = ∇ ⋅ [𝑢𝑢 − 𝑢̄𝑢̄]⏟⎴⏟⎴⏟−∆212 ∇𝑢̄∇𝑢̄𝑇+𝒪(∆4)
Structural models: Unstable

𝑀(𝑢̄) = ∇ ⋅ [−∆212∇𝑢̄∇𝑢̄𝑇]
Functional models: Inaccurate

𝑀(𝑢̄) = ∇ ⋅ [−𝜈eddy (∇𝑢̄ + ∇𝑢̄𝑇)]
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Exact discrete stress

With pressure and constraint

∇ ⋅ 𝑢 = 0, 𝜕𝑡𝑢 = −∇ ⋅ (𝜎(𝑢) + 𝑝𝛿)
Pressure-free formulation

𝜕𝑡𝑢 = −∇ ⋅ 𝜋𝜎(𝑢), 𝜋𝑖𝑗𝛼𝛽 ≔ 𝛿𝑖𝛼𝛿𝑗𝛽 − 𝛿𝑖𝑗 (𝜕𝑘𝜕𝑘)† 𝜕𝛼𝜕𝛽
Exact LES equations

Infinitesimal LES: 𝜕𝑡𝑢̄ = −∇ ⋅ 𝜋𝜎(𝑢) = −∇ ⋅ 𝜋𝜎(𝑢)
Discrete LES: 𝜕𝑡𝑢̄ℎ = −∇ ⋅ 𝜋𝜎(𝑢)ℎ = −∇ℎ ⋅ 𝜋𝜎(𝑢)ℎ,∗
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