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Data-driven closure
Training a neural network

Fitting model parameters 𝜃 to data𝒟:

min
𝜃

𝔼𝑢∼𝒟 𝐽𝜃(𝑢)

The a-priori error

𝐽𝜃(𝑢) ≔ ‖𝑀𝜃(𝑢̄) − 𝐶(𝑢)‖2.

The a-posteriori error

𝐽𝜃(𝑢) ≔ ‖𝑣𝜃 − 𝑢̄‖2, 𝑣𝜃 solution to 𝐿(𝑣) = −𝑀𝜃(𝑣).

Sanderse et al. 2025.
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The discrete perspective
Consistent data from coarse-graining

Turbulence (DNS)

𝐿ℎ(𝑢ℎ) = 0

𝑢ℎ

Agdestein and Sanderse 2025; Agdestein, Verstappen, and Sanderse 2025.
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The commutator expression is important
“DNS-aided LES” for Burgers’ equation
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The commutator expression is important
A-priori and a-posteriori learning
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The commutator expression is important
Fitting a Smagorinsky model
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Incorporating symmetries
Tensor basis and group-convolutions
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Cohen and Welling 2016; Ling, Kurzawski, and Templeton 2016.
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Incorporating symmetries
Tensor basis and group-convolutions
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LES in the language of probability
The commutator distribution

𝑢̄

Langford and Moser 1999; Pope 2004.
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The Bayesian perspective
Balancing prior knowledge and data

𝑝(𝑢 ∣ 𝑢̄) =
𝑝(𝑢̄ ∣ 𝑢) 𝑝(𝑢)

𝑝(𝑢̄)

Just some constant

Posterior
Likelihood Prior
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Ad-hoc deconvolution
Spectral reconstruction in Burgers’ equation

Lucas Ronckers, Master’s thesis, 2025
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Generative modeling
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Data-driven sampling
Generative modeling
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d𝑚 = 𝑓(𝑚 ∣ 𝑢̄, 𝑡)d𝑡

𝑀(𝑢̄) ≔ 𝑚(𝑡 = 1)

𝑡 = 0 𝑡 = 1𝑢̄, 𝑡 Conditioning variables
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Conclusion and outlook

Conclusion

� Data-driven closure requires correct data
� “Discretize first” gives consistent data from DNS
� An optimal LES closure should be probabilistic
� Building probabilistic models ad-hoc can be useful, but cumbersome
� Probabilistic models can be learned with modern generative modeling

Outlook

� Merge probabilistic description of turbulence with modern generative
modeling

� Velocity gradient tensor modeling
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